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N AREFINED- THEORY-OF ANISOTROPIC
SHELLS

-S. A Ambartsumyan (Yerevan)

1. In this work is constructed a new refined theory of

anisotropic shells which is based on the following assumptions:

a) when defining deformations e y and e y is considered that

shearing stresses T y and T are not distinguished from the

appropriate stresses Ty and T Oy, found from the classical theory;

b) deformation ey and normal stress ay are not distinguished

from the appropriate values (ey 0, a y) of the classical theory.

As usual, the shell is related to a triorthogonal system of

curvilinear coordinates a, 8, y, where y is the rectilinear co-

ordinate normal to the middle surface of the shell. At every

poinnt of the shell there is only one plane of elastic symmetry,

parallel to the middle surface. The displacements of the shell

are small, while deformations are subject to the generalized

Hooke's law for an anisotropic body. The accepted here unspecified

designations have been taken from works [1, 2].

The distinction of the proposed theory from earlier known

theories is here there is no widespread hypothesis about the

FTD-MT-24-1699-71 1



independence of normal displacement u on coordinate y.S~Y

Takinj hypotheses a) and b), which are actually approximately,

it is assumed that

Vly :--": 6, T~qy :-'• Ay : y '; - ay " y e- "e" ( 1.1 )

Finally, let us Say that if we treat the classical theory as
the zero approximation, the proposed theory can be considered as
the subsequent first approximation.

2. From the classical theory [1] for stresses Tay, Tay

and a we have (Fig. 1).

Jy Fig. 1.
reYY

/\

h 2

•o = z, ÷ .+z,- •vt '-•)••eo,+(to, -
7-r -r -V + (2.1)

In expressions (2.1) the following designations are used:

Xt =--/ (X I ', Y', =-'h (Y" Y -), zi = IA (Z ÷-Z -

-. \': X*+X-, Y2 =Y*+ Y-, Z2 .=Z*+Z" (2.2)

[-- {IA Is (flee)j1, + Apl. (Be,) + 1B8, (B,1 )j,. - B,.11 (B,,)) wo
S-F .(2-3)',, "" -- • ff1, (B•,)J .[ B,.1 (B,6) + [(1, (112,),A - AI, (B11)) w2

FTD-MT-2 11-1699-71



~?I0+ 0 0.4 0
h t.. thickness t.e shl• A D,. .',, If fnes ofB ot b.

'110 )1°-"Dx 1
0 + D12.x. "- D1 .r°, fl° .. Dl,.,el+ D•. xz°o+-b..

(2.5).11 2" .~ D +×: D12x1 ° 4 " D •.0 , D~k = /12 ih8B

Here Bik - elastic constants; N 0° H0 - internal moments,
h - the thickness of th~e shell, Dik -- tho stiffness of the bend,

K 0 T' - the changes in curvature, and twisting.

It is evident that all magnitudes with subscripts zero

represent the classical theory.

Further, from ht,.e classical theory, according to the general-

ized Hooke's law, for deformations we have

X*4,= X* X+ h
,, t..• ++ Y .•.,_h: . -: ,, (2.6)

=* -(a1 3T,* a2'.'* + a36S-) +,r (a1 .1110 -,- a,23 1M3 .4. a4,GHJ) -

112 I(Byo)., + (A*o),O1 -

-- (.-• "j -- T4 as(k, (M 1 + k1lM2
0) + a3 (Z - Z) (2 2)

where I-Repreduced tram

X assX, + a4 5Y,, X' = abX 2 + a4 bY•2 , 010  = absyo + a46-+0

1'* -a a 4Y + adbXl, 1" =a44Y! + a45X2, (1)2 -. a4414 o + a41~0 (28
T,° = C11e,° + C,:.,° + Cew0, S°0 C•,e 1

0 + CL0.,° + C,,w°

(2.9)
T . 0 "= 2 2 C . C e 0 C°., • o , , C • I W O

FTD-MT-214-1699-71 3



.4A

* 'Here a - elastic constants; Ti 0 , SO - internal tangential

forces, Cik - elongation hardness, c 0, WO - the relative defor-

mations of elongation and shear.

3. Using the geometric equations of the theory of elasticity,

according to (2.6), (2.7) for the displacements of any point of

the shell, with an accuracy of I ± ki h 1 we obtain

u.it + '3TT + ir'k/ + '1'K* + r'I"N
I U (I + k, (i ' "" t- or (3.1)

2X ak71r)-2
kl kT I J9M * I + kiT\ hEI 0-. 7 ,,Y,, + . ( rL) 8.•

4 ) 2 2±-41)x (3.2)
up = v(i + k'r) - er -j- 2 -5 -TA

T'�(i k•) I OM4 ' P h2. 0

(t- - kD.) sr( +i' --,. -(I-+,Y-

u(a, 8), v(a, 8), w(a, B) - the desired displacements of the

middle surface of the shell

T* r* K' + 4 iJ.Z,, !A 1 L V - h-aJ3Q.+4MZ
-1hV h3Z. W (3.3)

-K* =,., N* P' @
h , 2° "

TO,-a ,Ti° ; + a23 T,° + a.,,5. AP a,13A ,° + a2,3.13 0 + a4,if

Q(4- +2 (3. I)

Examining formulas (3.1), (3.2) we note that, unlike all re-

fined theories of the class in question, the geometric model of

deformation of a shell here is such that all components of the

displacement of some point of the shell depend nonlinearly on

coordinate y, In tnhis case both all desired displacements u(a, 8),

v(a, a), w(a, 6), as well as the known functions T0 (a, a)...

N*(ca, 8), which are defined according to the classical theory, will

be functions only of curvilinear coordinates a and .

FTD-MT-21-1699-71
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Having the values of u , uV, u, with the help of the

geometric c6rrelations of the three-dimensional throry of elas-

ticity it is easy to determine the strain components e, eV ea.

The indicated deformations, on the strength of (3ol), (3.2), are

represented in the form of polynomials in powers of y, namely:

e.P- + Vx15 + V2TI, ± O,
e a E2•, + VXS* + V212 + V10 2 (3 .5 )

e,8o + yT + y~v + 3

The expansion coefficient el... X not given here can be

written by the usual method.

Examining the expansion ratios we note that, even if we are

restricted to two members of expansions (3.5), we will not obtain

the results of the classical theory, since the expansion ratios

are basically distinguished from the appropr ate coefficients of

the classical theory. Here the coefficients K.*, T* along with

common members, which represent changes in curvature and the

twisting of the middle surface of the shell, contain new elements

of lateral deformations ey, e ey.

4. Solving the equations of the generalized Hooke's law

relative to the calculated stresses, according to (2.1), (3.5) we

obtain

(,YU ±1, + BIia, + B13 a' + V (B, lbl + B, 2b, + BD1 b') -1"

I V' (B 11c + Bl,;c + Boc') + VI (Bl1 d, + B1 d, + iBed')

"AI121)(1 + B~12(11 + 1)2oa' 4- v, (li.b2 + B11bl + Bgsb') + (I1
"+ y' (B22C2 + Bilc, + B24C') + f' (B22d2 + B12dl + B1.1d')

Tcf" - Blepa +" Ba.. -+. B1a' + V (Bl.ob + BLb2 B+.b) +
+V, (Bl.c, A- Blocs 4 11Jac') + VI1 (816d1 -F 1116d2 +ý, 11.d')



where

/I,, (aa, - a,.')Q-, Bl. = (al1a26 - %a,#) £l"

1B62 (aula., - als') Q-', B22 = (aoal - aria,.) f

B,, (aria,, - all$) Q-, Bi, (alas. - aa.,) Q-(4 2)

S=-(alu,2 - als') ass - 2alaalsag - arias,' - a2aO

a, e= -, at.,- (Z--- a'=�--(Z,_ )
cZ- -i 0a..--- Abi - xj" - -i a1 ( -- 'T I Q Y-""- a36 ( 2T Q o'

ci • Y q - ab, "+'r K", c' v -- J.. K'

di Oj a: d- -a~jo•,L " (4-3)

Thus, by formulas (4.1) we calculated stresses in the shell.

These stresses change according to a nonlinear law through the

shell. However, often in formulas (4.1) it is possible to be

restricted to only the first two groups of terms, i.e., it is

possible to assume a linear law of stress distribution a., cO, T a

through the shell.

The stresses a., a%, T a have statically equivalent internal

forces and moments, which will be defined by the formulas

TI- C,,nm + C 2Amn" + C¢,r + k, (DI)nj, + Dn,, 4. DI*,9)

To= Cm, + C,,m, -I- C,,r + k, (D)•2 n: + D,,n, + D2os)
(1; . 4)

S, C..r + Clem, + Ctm'n + k., (Does + D),sn, + Ds),i)

Sl Cor + Ctsm, + Ctomr + k, (Dees + Digtn, + Dgm.)

.1l, Dlnt, + D,1n, + Dies + k2 (Dnjq, + D,,q2 + Drip)
112 D32nn + D12n, + D,,s + k, (Dnq, + Djqh + D,,p)

iII = D,,s + Din, + D2,n,+ A, (Delp + O,,q, + D2,q,)

NIo Dle, + Dion+ Dson, + k, (Doe p + D,,q6 + D,.qg)

--- + 6



where the following designations have been introduced:

. = a ,+ -C2 e = eC + -91h - a, (Z R °)

r=a' +T = hiv-aZt- K

r a, C 3t,2 - - I , h

30i :11h2W, :"a, - d', • c + - - a., -- ,6

are

thes elmet are diinae by (o.6)
o gExamining the above-deeived formulas, equations and corre-

lations we note that all calculation values of the shell are a

function of three desired displacements u, v, cdi. Besides the
6esired ones they also contain certain new elements which, accord-

ing to the given formulas, are determined from the solutions to

the appropriate problem of a shell from the classical theory. (All
these elements are disignated by "o."1)

To get resolvent equations, to the derived ones we shoul.d add

the equilibrium equations, the correlations of the continuity of

deformations of the middle surface, and boundary conditions. These

all differ in no way from the appropriate representations of the

classical theory.

6. If for a shell the coefficients of the first quadratic

form A, B and the curvatures of the middle surface K1, k2 are

constant or, with sufficiently high accuracy, behave as constants,

then with the accuracy of the technical theory of shells [I] we

obtain the following resolvent equations relative to the deLired

displacements :



L11 (Csk) UA-1- ji(CAL)V + !4 3(Cik) to= X-

2L- (6.1)

1-22(C 1k)V±+ I1̀12(Ci,.) U- f121(Cfk) W~ -

Ipl aKO 62
-~- ') +- + (P,. I,,,, -L 2L(62

)43(Cf)U + I,^(C4 k~v- + tXa(I)ik)IU' Z - "-. (PHLk + +lC2K'!

AE (Dik) 01 Es (Dik) D02 '1 Pi (Pil.) QC) + P2 (Dikki) Ts -

T-12 PI(Pik) Z + 1(P1 1 ki P:2 kI.) Z, rEl(i(ThX* +E2(Dik)Y* (6.3)

where

Pt= Bjja13 + B12~a2i + B1*a.,,

P22 =Bs,a,2 + B,2a11 + 12ga~t,

Pos-,- Bgsa33 .-F Bleals + B2 ea,23

where for linear operators we have

- 011 ou (fp BI0

ig (B),)&~~-~ B .-Lj 3B,s -- L~

RA 03 o 01+B16A77

L1l (C1 .t,) ~~ + 29,~ + C' ,

- ... C.... III C u 0~ ~ '

II*-777 - '- -

/,a'Ck (4 2C22 -j kn2C1,)-L-24.-- L(k2,C28 * j2

.1 fix I 01

+ (k1$Cl -4- 2kjk2CI 2 +. /''2C 22)

FTD.-MT-2 11-1699-7i 8



"PI (Pik) P11 ." . 2P., TTI . ,
"'2 (I)ikk) (D 1  + (-./12 +

+ D 1 2 k 11).--- + 2(D,6 k) + Dst

The desired functions u, v, w (and thus all calculated values)

should be determined from system of equations (6.1)-(6.3) whose

left sides differ in no way from the left sides of the appropriate

equations of the classical theory. As concerns the right parts of

these equations, they are distinguished in principle from the right

parts of the appropriate equations of the classical theory. Here,

along with common load members X, Y, Z there are also certain

reduced loads which are constructed with the help of the solutions

to the appropriate problem of the classical theory.

7. Let us examine the problem of an axisymmetrically loaded

orthotropic circular cylindrical shell, freely supported on its

ends and supporting a normally applied load which changes across

the surface of the shell according to the law Z = Z+ = q sin nT/l

(Z - the length of the shell, q - the intensity of the load in the

central section of the shell) (Fig. 2).

Fig. 2

For the desired f'unctions w = w(a) and F = F(a), through

which all calculated values of the problem are represented, we

obtsir,

FTD-MT-211-1699-71 9



W~~wo[I hAt-Al "BF=Fo I+A+w==Wo +A 12C.22R j1212

+ A6111 - - -2r -3 - 121 , -'

• [ 4aj:Bj:hf I? ýT 1

T4-t

• 9BL= 3-(~ss + ano ) Ii J 2Lj -- + ::

-(a s=t+czisn) auB~P i

Let us examine a numerical example of a transversally isotropic

shell [1]. The results of the calculation of values w/w 0 and

F/F 0 at different values of the ratios e = E/E' and g = E/G', when

v = v1 = 0.3, R/l = 1, h/i = 0.2, are found in the table. In each

block the upper numerals relate to w/wo, and the lower - to F/FO.

Table

0A g. i g - 2.0 g "'.0 g - 10.0

0.0 . 0 1:0285 1:0713 1:t426;

0.059t 0.;s76 t .0300 1.017
L. 0.9949 1.023M t.OG62 t 1.1373

. 0.9181 0.o06w; 0.9895 , .o608
0.9898 t.0183 1 .01;11 1.1314

5.0 0 7954 I 0.8210 0.8W07 0.9380

0.9746 0.9969 1.0159 I 1.1172

Examining the table we note that with strcng anisotropy,

disregard of the phenomena associated with lateral deformations

can lead to substantial errors. It is interesting to note that in

certain cases the correction due to consideration of ey can exceed

that due to consideration of transverse shears.
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